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By means of a quantum analogue of the SpechtWever criteria we prove that
every homogeneous character Hopf algebra over a field of zero characteristic is a
quantification of a suitable Lie algebra. The skew primitive elements in character
Hopf algebras are characterized in terms of algebraic identities.  2001 Academic
Press
INTRODUCTION
 According to the Friedrichs criteria 3, 5, 20, 21 , Lie polynomials are
characterized as primitive elements of free associative algebra with the
Ž .diagonal coproduct. This fact yields an idea to define quantum Lie
operations as skew primitive polynomials of free algebra, provided that the
 generators are considered to be skew primitive as well 11, 13 . The notion
 obtained in this way generalizes and unites colored Lie brackets 24 , Lie
   super-brackets 25 , Pareigis operations 23 , and quantum Serre opera-
Ž  .tions see examples in 11 . At the same time there exists an important
algebraic characterization of homogeneous Lie polynomials, that is, the
 SpechtWever criteria 7, V, 4, Theorem 8 . In the present paper we are
going to characterize the quantum Lie operations, and more generally
skew primitive elements in an arbitrary character Hopf algebra, in terms of
Ž .algebraic identities Theorem 3.2 . This characterization implies, in partic-
Ž .ular, that the SpechtWever condition  f  nf with skew brackets is
1 Supported by SNI, exp. 18740, CONACyT Mexico, Grant 32130-E, and PAPIIT UNAM,
Grant 102599.
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indeed valid for quantum Lie operations of degree n, but it is not a criteria
Ž .any more Example 4.2 . In the classical case this characterization reduces
 to the Finkelstein criteria 27, Section 10 .
In the second part of the paper we study skew primitive elements in
bi-ideals of a Hopf algebra with skew primitive generators. We note that
Žbi-ideals always have skew primitive elements Corollary 5.2; this is, in fact,
 .a ‘‘skew-primitive’’ version of the HeynemanRadford theorem 6 . Nev-
ertheless, in contrary with the classical case, all skew primitive elements of
an arbitrary bi-ideal may not generate this bi-ideal. For this reason a
notion of a combinatorial rank naturally arises. By means of this notion we
define a quantum universal enveloping algebra of a given rank for an
arbitrary Lie algebra with a fixed combinatorial representation. Then with
the help of the quantum SpechtWever condition we show that every
homogeneous character Hopf algebra over a field of zero characteristic is
the quantum universal enveloping algebra of some rank for a suitable Lie
Ž .algebra Theorem 6.1 .
Note that quantum universal enveloping algebras appeared in the fa-
   mous papers by Drinfeld 4 and Jimbo 9 . Since then a great deal of
 articles and a number of monographs 2, 8, 10, 15, 16, 19 were devoted to
their investigation. All of these works are mainly concerned with a particu-
Ž .lar quantification of generalized KacMoody algebras. A general notion
 appeared in 14 where, in fact, quantifications of rank one were consid-
ered. In this context it is interesting to note that all quantifications of Lie
Ž .algebras defined by nil relations, and, consequently, of generalized
Ž .KacMoody algebras, are always of rank one Corollary 6.2 .
In the last section we consider examples of Hopf algebras of rank two.
1. LEFT PRIMITIVE ELEMENTS
Let x , . . . , x be a set of variables. Consider this set as an alphabet and1 n
fix the lexicographic order on the set of all words in this alphabet with
x  x   x . Suppose that D is a linearly ordered Abelian group. Let1 2 n
Ž . Ž . Ž .us associate positive degrees D x , D x , . . . , D x to the variables. The1 2 n
Ž .degree of a word of a constitution m , m , . . . , m that is, of a word1 2 n
that has total number m of letters x , total number m of letters x , and1 1 2 2
Ž . Ž . Ž .so onis considered to be equal m D x m D x  m D x .1 1 2 2 n n
By means of this degree function it is possible to define a new ordering,
Ž . Ž .the Hall one. Indeed, we put u , provided that either D u D  , or
Ž . Ž .D u D  and u  in the lexicographic ordering. The main advantage
of the Hall ordering is that the set of all words becomes completely
ordered. This allows one to use inductive definitions and proofs. The
Ž .simplest Hall ordering is defined by the function D x  1 with values ini
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the group of integer numbers Z. Another important example is defined by
Žthe group Z Z  Z with the priority ordering that is, an element
Ž .m , . . . , m is considered to be positive provided the first from the left1 n
.nonzero component m is positive . If we puti
D x   i ,  i , . . . ,  i , 1Ž . Ž .Ž .i 1 2 n
where  is the Kronecker delta, then the words are first compared by
Ž .constitutions with the lexicographic ordering of the constitutions and
then the words of the same constitution are compared by the lexicographic
Ž .ordering of the words .
Ž  .Furthermore, let H be a character Hopf algebra see 11, Chap. 1
generated by an Abelian group G and skew primitive semi-invariants
a , a , . . . , a ,1 2 n
 a  a  1 g  a , a g  i g ga , 2Ž . Ž . Ž .i i i i i i
where g, g 	G are group-like elements and  i are characters of thei
group G. We denote by H a subalgebra of H generated by a , . . . , a . Leta 1 n
us convert x , . . . , x into quantum variables by means of the correspon-1 n
Ž i . Ž  . ² : ² :dence x   , g see 11, Chap. 2 . Denote by G x , . . . , x G Xi i 1 n
Ž  .the free enveloping Hopf algebra of x , . . . , x see 11, Chap. 3 . We will1 n
consider a as a value of x in H. In other words we fix a Hopf algebrai i
² : Ž . Ž .homomorphism  : G X H,  x  a ,  g  g.i i
Ž .The algebra H always has a set of special generators hard super-letters ,
Ž  .that define the PBW-basis of this algebra see 12 . We will need just
some properties of a monomial crystallization of this basis.
Ž .PROPOSITION 1.1. There exists a set of words M H in x , . . . , x such1 n
that the following conditions are met.
Ž .  Ž . 41 The set g m  g	G, m	M forms a basis of H.
Ž .2 If m	M and  is a sub-word of m, m ab, then  	M.
Ž .3 A alue of each word wM is a linear combination of alues
Ž .g m , m	M with m
 w.
Ž .Proof. The set M H appears from the set of all monotonous re-
Ž .stricted words including the empty one in hard super-letters by omitting of
Ž  . Ž . Ž .all brackets see Corollary 1 of 12 . Conditions 2 , 3 easily follow from
Ž  .  the Lyndon theorem see 18, Theorem 5.1.5 and Corollary 2 of 12 .
Ž .Condition 1 shows that every nonzero element h	H has a unique
decomposition in a linear combination
h 	  m , 3Ž . Ž .Ý j j
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 where 0 	 	 k G . In particular, H is a free left and free rightj
  Ž Ž ..k G -module with the basis  M H . In what follows we will call the
Ž .decomposition 3 the basis decomposition. Respectively, we will call the
Ž .biggest word m of 3 with respect to the Hall ordering the leading wordj
of h, while the term 	 m is the leading term of it. Let us denote by Hj j k
a subalgebra generated by elements a , a , . . . , a , and g	G.k k1 n
DEFINITION 1.2. An element h	H is said to be left primitie in a1
Ž .provided that  h  h 1	H H.2
LEMMA 1.3. If the leading term of h does not start with 
 x , 
	 k then1
h is left primitie in a if and only if h	H .1 2
Proof. Evidently all elements of H are left primitive in a . Suppose2 1
Ž .that 3 is the basis decomposition of a left primitive in a element h. Let1
Ž .	m be its leading term. If 	Ý g , then a decomposition of  h  hi i
Ž . Ž . Ž . Ž . 1 in the basis G M G M has tensors  g  m  g  1 that,i i i
due to the third condition of Proposition 1.1, cannot be canceled with
other terms, provided g  1. Therefore 	 
1, 0 
	 k.i
Let mx u, where  is a nonempty word independent of x . Accord-1 1
Ž . Ž .ing to 2 a value of the coproduct  w of an arbitrary word w equals the
  sum of all tensors w  w , where the word w appears from w by crossing
out some letters, while w appears from w by replacing the same letters xi
with the related group-like elements g . If we move all of the group-likei
Ž .elements to the left margin position by means of the second formula 2 ,
Ž .then we will get that  w is a linear combination of tensors of the form
gw w where w appears from w by crossing out w. In particular
Ž . Ž  . Ž .D w D w D w .
Ž .Thus  m has one tensor of the form gx u . By the second1
condition of Proposition 1.1 both sides of this tensor are basis elements. In
particular, x uH . Therefore, it is enough to show that this tensor does1 2
Ž .not appear under the basis decomposition of other terms of 3 .
To the contrary, let g w g w have a term gx u in the basis1 2 1
decomposition. Then, by the third condition of Proposition 1.1, we have
  Ž . Ž . Ž  . Ž .w  x u, w  . In particular D w D x u , and D w D  . On1 1
Ž . Ž . Ž .the other hand x u w and consequently D x u D  D m 1 1
Ž . Ž . Ž  . Ž  . Ž . Ž  . Ž .D w D w D w . Therefore D w D x u , D w D  , and1
w x u, w with respect to the lexicographic ordering. The first of1
these inequalities implies that w starts with x . This case is possible only1
if all letters of w located from the left of the first letter x form an onset1
of w, that is, w ax b, w aw. Since wmx u with respect to1 1 1
the lexicographic ordering, the word a cannot be shorter than  . Therefore
a . On the other hand aw w does not contradict a only if1
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a , w. Thus w  a and w x b x u. This implies w1 1 1
x bx um, a contradiction.1 1
For each word u we denote by g an element of G that appears from uu
by replacing all x with g . In the same way we denote by  u a characteri i
that appears from u by replacing all x with  x i. Thus on the free algebrai
² : k x , . . . , x a grading by the group GG is defined. For each pair of1 n
homogeneous with respect to this grading elements u,  we denote p u
uŽ . x iŽ . g , p   g . A bilinear skew commutator is defined on the i j j
grading homogeneous polynomials by the formula
 u ,   u  p u. 4Ž .u
² :By linearity it has an extension on the free algebra k X . This skew
commutator is correctly defined on any GG-graded algebra, provided
that the homomorphism  : x  a preserves the grading. In particular,i i
this skew commutator is well-defined on arbitrary bigraded braided Hopf
Ž  .algebras see 11, Chap. 4 .
At the same time the algebra H for an arbitrary character Hopfa
algebra H does not always have the grading by GG. Let, for example,
a  1 g, a  1 h, a  1 gh. In this case a  a  a  a  a ,1 2 3 1 2 3 1 2
while a , a , a are skew primitive elements with associated group-like1 2 3
elements g, h, gh, respectively.
Nevertheless each character Hopf algebra has the grading by the charac-
 Ž  . Ž .ter group G see 11, notes after Definition 2 . Therefore the formula 4
is correctly defined for the arbitrary first argument provided that it is clear
what group-like element is associated to the second argument in the
context. In particular the long skew commutators are well-defined in each
character Hopf algebra:
 . . . y , a , a , . . . , a . 5Ž .tŽ1. tŽ2. tŽk .
 LEMMA 1.4. If h is left primitie in a then h, a , 2 i n are left1 i
primitie in a as well. In particular all long skew commutators1
 . . . a , a , a , . . . , a , t j  2, 6Ž . Ž .1 tŽ2. tŽ3. tŽk .
are left primitie in a .1
Ž . Ž1. Ž2. Ž1. ŽProof. Let  h  h 1Ýh  h with h 	H . We have  h,2
. Ž . Ž . hŽ . Ž . Ž . hŽ .a   h  a   g  a  h 	 ha  1 hg  a   g a hi i i i i i i i i
hŽ .   Ž .1  g g h a 	 h, a  1 mod H H .i i i i 2
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Ž .THEOREM 1.5. If a G-polynomial f x is linear in x then it defines a lefti 1
Ž . Ž .primitie in a element f a if and only if f a equals a linear combination of1 i i
Ž .long skew commutators 6 within an addend from H .2
Proof. Suppose that degree function D defines the priority ordering
Ž .1 . In this case, according to the third condition of Proposition 1.1, each
Ž . Ž .word of the basis decomposition 3 of f a is either linear in x ori 1
independent of x . By Lemma 1.3 the leading term of the basis decomposi-1
Ž .tion has a form 
 x x  x , t j  2. Therefore the leading word of1 tŽ2. tŽk .
Ž .    a difference f a  
 . . . a , a , a , . . . , a is less than x x i 1 tŽ2. tŽ3. iŽk . 1 tŽ2.
x . Since this difference is left primitive in a we may use an evidenttŽk . 1
induction.
The coassociativity of the coproduct easily implies that the space of all
left primitive in a elements is a left coideal of H. In particular, by the1
Ž .above theorem the coproduct of any long skew commutator 6 has a
decomposition Ýw Ž1. w Ž2., where the w Ž2. are again the long skew com-
mutators. In order to find this decomposition in an explicit form, we define
 brackets with memory u,  on a set of all semigroup words u,  in x , g ,i i
1 i n. Denote by u a word in x that appears from u by replacing alli
g with x . Definei i
 u u ,   u   g u. 7Ž . Ž .
 To put it another way, the curvature of the commutator u,  remains the
 same as u,  , even though the word u appears from u by replacing some
generators with group-like elements.
Now we have
      x , x  x , x  1 1 p p g x  x  g g  x , x .Ž .Ž .1 2 1 2 12 21 1 2 1 1 2 1 2
8Ž .
Ž .Since  is an algebra homomorphism and  x  x  1 g  x , we3 3 3 3
may calculate the coproduct of the skew commutator of length 3. Denote
oŽ . Ž .for short  u   u  u 1 g  u. We haveu
o     x , x , x  1 p p g x , x  xŽ .Ž .1 2 3 12 21 1 2 3 1
  1 p p p p g g x  x , xŽ .13 23 31 32 1 2 3 1 2
  1 p p p g g x  x , x . 9Ž . Ž .12 21 23 1 3 2 1 3
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In the same way
o   x , x , x , xŽ .1 2 3 4
  1 p p g x , x , x  xŽ .12 21 1 2 3 4 1
    1 p p p p g g x , x  x , xŽ .13 23 31 32 1 2 3 4 1 2
    1 p p p g g x , x  x , xŽ .12 21 23 1 3 2 4 1 3
    1 p p p p g g x , x  x , xŽ .12 21 24 34 4 1 2 3 1 4
  1 p p p p p p g g g x  x , x , xŽ .14 24 34 41 42 43 1 2 3 4 1 2 3
  1 p p p p p g g g x  x , x , xŽ .13 23 31 32 34 1 2 4 3 1 2 4
  1 p p p p g g g x  x , x , x . 10Ž . Ž .12 21 23 24 1 3 4 2 1 3 4
2. EXTENSIONS
A character Hopf algebra H  over a field K k is said to be an
extension of H provided that H  contains H as a k-subHopfalgebra. In this
section we are going to consider two simplest constructions of extensions.
Ž . 1 Adjunction of a quantum ariable. Let x x be a quantumg
variable with parameters g	G and  : G K. Consider a free product
 with joint subalgebra K G :
² : ² :H x G x  H K . 11Ž . Ž .K G  k
² :By the first property of Proposition 1.1 both algebras G x and H Kk
 are free left and free right modules over K G . This implies that all words
Ž .of the type m xm x  m xm , m 	M H , k 0 form the set1 2 i k1 i
Ž ² :. xM H x . Let us denote by M the set of all words of the above type with
Ž .m . In this case the basis decomposition 3 of an arbitrary nonzero1
² :element U	H x takes up a form
U 	 Žk . mŽk .   mx , 12Ž .Ž .Ž .Ý Ý j j kž /
k j
Žk .   Žk . Ž . x xwhere 0 	 	 K G , m 	M H , m 	M .j j k
Ž .LEMMA 2.1. If f x, x is a linear combination of words that do not starti
Ž .by x, then none of the basis decomposition members of U f x, a startsi
with x; that is, if mŽk . then 	 Žk . K.j j0 0
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Proof. Let us first decompose all subwords of the linear combination
Ž .f x, a that start with x,i
f x , a  w 	  mx , 13Ž . Ž .Ž .Ý Ýi t k k
t k
  x xwhere the w are nonempty words in a ; and 	 	 K G , m 	M . Thent i k k
f x , a  w 	  mx  	 Žk . mŽk .   mx 14Ž . Ž .Ž . Ž .Ž .Ý Ý Ý Ýi t k k j j kž / ž /
k t k j
Ž . Žk . Ž Žk ..is the basis decomposition of f x, a , provided that Ý 	  m is one ofi j j j
Ý w 	 . Since w are nonempty, by means of the counit  , we gett t k t
Ž . Ž Žk .. w  0,  m  0, provided that j j . This impliest j 0
 	 Žk .   	 Žk . mŽk .   w 	  0. 15Ž .Ž .Ý ÝŽ .j j j t kž /0 ž /
j t
Žk .Consequently 	  K.j0
Ž .2 Adjunction of a skew deriation. Let  be any character. On the
² : Ž .free enveloping algebra G X a grading by the group  G is defined,
² :where by definition G X is spanned by all G-words u such that
Ž . ² : g   . The character  defines an algebra automorphism of G Xu
that acts on the G-words by the formula
  u   g u. 16Ž . Ž . Ž .u
Ž .If arbitrary nonzero -images of  G -homogeneous elements corre-
Ž .sponding to different 	  G are linearly independent in H, then the
Ž .algebra H is  G -graded as well, while  becomes a homogeneous map.
Ž .In this particular case the formula 16 defines an algebra automorphism
of H also.
 Ž .Let now  : HH be a  -derivation of a  G -graded H, that is,
 u   u     u   . 17Ž . Ž . Ž . Ž . Ž .
  Consider an algebra of skew polynomials H t , where the commutation
rule is defined by the formula
ta   a t  a .Ž . Ž .
  Ž .Suppose that  acts trivially on k G . In this case tg  g gt. Therefore
there exists an algebra homomorphism over H
² :    : H x H t , 18Ž .
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which maps x to t, provided that   x. The kernel of this homomor-
phism is generated by the elements
xa   g a x  a . 19Ž . Ž . Ž .i i i i
In particular, if we would find a quantum variable x such that the above
² :elements are skew primitive in H x then the kernel of  will be a Hopf
  ideal, while the algebra H t gets a Hopf algebra structure in a natural
way. Obviously, for these elements to be skew primitive, it suffices to check
the validity of the following conditions:
1  x  ;Ž .
x i2  g  g  1, 1 i n;Ž . Ž . Ž .i x 20Ž .
3  a is a g g -primitive semi-invariant with a characterŽ . Ž .i x i
i ; see 2 .Ž .
 By means of the quantum PBW-theorem 12 it is easy to see that the
converse statement is valid in the following form.
 PROPOSITION 2.2. If relations a , a  w 	H , i 2 are alid in H1 i i 2
and a H , pm  0, a , . . . , a  0, then the following conditions are met:1 2 11 2 n
Ž . w i 1 ia w are skew primitie semi-inariants,     , g  g g ;i w 1 ii
Ž .b p p  1, 2 i n;1 i i1
Ž . 1Ž .c H has the  G -grading;2
Ž .  1d the map  : a  w has an extension up to a  -deriation of H ;i i 2
Ž .   e H is isomorphic to H t as a Hopf algebra described aboe.2
We will not need this converse statement here, and therefore leave it
without proof.
3. ad-IDENTITY
The kernel of the counit is generated by the elements  , g	G, andg
a , . . . , a , where by  , we denote 1 g. In particular, each element1 n g
Ž . Ž .h	H has a decomposition h  h  f  , a , where f is a noncommu-g i
tative polynomial. Since in this decomposition only a finite number of g
takes part and each of  is a skew primitive semi-invariant, we mayg
suppose that all these elements are included in a , . . . , a . This fact shows1 n
that in order to investigate elements of an arbitrary character Hopf
algebra H it is enough to consider only the subalgebra H generated bya
a , . . . , a .1 n
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PROPOSITION 3.1. If wÝ  a a  a is a g-primitie elementt t tŽ1. tŽ2. tŽm.
of H, then in eery extension H H the following identity holds
   z , w   . . . z , a , a , . . . , a , 21Ž .Ý t tŽ1. tŽ2. tŽm.
t
where the brackets at the left hand side are defined by the group-like element g.
Proof. Note that the antipode of an arbitrary character Hopf algebra is
1Ž . 1an invertible map: S a a g . We may define the right ad-rep-i i i
 Ž . Ž .resentation ad : H  End H in the following way: z  ad u 
1Ž Ž2.. Ž1. Ž . Ž1. Ž2. Ž .Ý S u zu , where  u Ý u  u . In particular z  ad u Žu. Žu.
 z, u , provided that u is a skew primitive element. By this, if we apply the
homomorphism ad to the relation wÝ  a a  a , we get thet t tŽ1. tŽ2. tŽm.
Ž .required identity 21 .
Now a natural question arises: To what extent is the converse statement
valid? To answer this question let us denote by G the intersection of0
kernels of all characters  : G K with k K. It is well known that in
the case of zero characteristic for each g 1 there exists a character
 Ž . : G K such that  g  1. Therefore G  1, provided that k is of0
characteristic zero. On the other hand, evidently G contains all elements0
of order l r, provided that the characteristic l is positive. If the polynomial
Ý  x x  x defines an h-primitive element with h	 gG , thent t tŽ1. tŽ2. tŽm. 0
Ž .the identity 21 with the group-like parameter g is valid as well since the
Ž .brackets at the left hand side of 21 coincide with that defined by h. In
the same way if this polynomial defines a sum of h-primitive elements with
different h	 gG , the ad-identity is still correct.0
THEOREM 3.2. If for wÝ  a a  a in eery extension H t t tŽ1. tŽ2. tŽm.
Ž .H the ad-identity 21 holds, then w is a sum of h-primitie elements with
h	 gG .0
Ž . ² :Proof. Consider the identity 21 in H x . By Lemma 1.4 the element
xŽ . Ž . Ž1. Ž2.xw  g wx is left primitive in x. Let  w Ý W W , wherei 0 i i
 Ž2.4 Ž2.the set W is linearly independent, while W  1. We havei 0
    Ž1. x Ž1.   x , w  x , w  1 xW   g W x x , w  1Ž .Ž . Ž .0 0
 xW Ž1.  x g W Ž1.x W Ž2.  ,Ž .Ž .Ý i i i
i1
22Ž .
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where by the dots we denote a sum of tensors whose left hand side is
 independent of x. Since x, w is left primitive in x, we get
x W Ž1. w   x g W Ž1. w x , xW Ž1.  x g W Ž1.x	H ,Ž . Ž .Ž . Ž .0 0 i i
i 0. 23Ž .
  Ž1.  This is possible in the free product over K G only if W  w	 K G ,0
Ž1.  W 	 K G , i 1, andi
x W Ž1. w   x g W Ž1. w x , xW Ž1.  x g W Ž1.x ,Ž . Ž .Ž . Ž .0 0 i i
i 0. 24Ž .
Ž .  This implies that  w 	H 1 k G H. The definition of the corad-
Ž ical filtration, C H, shows that w	 C see, for example, 22, Chap.n 1
. Ž  5.2 . According to the TaftWilson theorem see, 22, Theorem 5.4.1 ;
 .   Ž  . 26 we get C  k G   P , where subspaces P are defined1 f , h f , hf , h	G
 Ž . 4in the following way. Denote P  c	 H   c  c f h c .f , h
Evidently, f h	 P , and we define P as an arbitrary complement off , h f , h
Ž .k f h to P :f , h
P  k f h  P .Ž .f , h f , h
Consider a minimal decomposition
w  f u , u 	 P ,  	 k. 25Ž .Ý Ýf f , h f , h f , h f
f	G f , h	G
We have
 w  u   f  f h u  W Ž1.W Ž2. .Ž . Ý Ý Ý Ýf , h f f , h i iž /
f	G h	G f , h	G i
 4Since s, u  s, f , h	G, u  0 is a linearly independent set, thef , h f , h
Ž . xŽ . xŽ . xŽ .second of the equalities 24 imply xh  g hx, that is,  h   g .
Ž .The decomposition 25 is independent of x, therefore the equalities
Ž . Ž . h   g hold for all characters  : G K with values in all exten-
Ž .sions K. This implies that h	 g mod G for all h from the decomposi-0
Ž .tion 25 with u  0.f , h
 In the perfect analogy, for f 1 we have Ý u   f	 k G . Thish f , h f
implies u  0, provided that f 1. Moreover, if   0 then again thef , h f
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Ž .second equation in 24 shows that f	 gG . Finally, we have0
w    f 1  u .Ž .Ý Ý Ýf f 1, h
f	gG f	gG h	gG0 0 0
Ž .Since 0  w Ý , this is the required decomposition.f
COROLLARY 3.3. The alue w of a polynomial Ý  x x . . . x int t tŽ1. tŽ2. tŽm.
a character Hopf algebra H oer a field of zero characteristic is g-primitie if
 Ž .and only if in eery extension H H the ad-identity 21 holds.
Since in the bigraded braided Hopf algebras each linear combination of
primitive elements is primitive and the skew commutator is a correctly
Ž .defined bilinear function but, in general, not a quantum operation , the
above theorems for bigraded braided Hopf algebras take up a more
elegant form as well.
THEOREM 3.4. Let H b be a bigraded braided Hopf algebra generated by
homogeneous primitie elements a , . . . , a . The alue w of a noncommutatie1 n
polynomial Ý  x x  x in H b with x  a is primitie if and onlyt t tŽ1. tŽ2. tŽm. i i
 b Ž .if in eery bigraded braided extension H H the ad-identity 21 holds.
COROLLARY 3.5. A constitution homogeneous noncommutatie polyno-
Ž .mial f x Ý  x x  x is a quantum Lie operation if and only ifi t t tŽ1. tŽ2. tŽm.
the identity
 z , f x    z , x , x  x , 26Ž . Ž .Ýi t tŽ1. tŽ2. tŽm.
t
is uniersally true.
Recall that all homogeneous components of a quantum Lie operation
are always quantum Lie operations.
Ž .In the identity 26 the variables x are algebraically independent.i
Therefore this identity is correct for arbitrary, not necessarily skew primi-
tive, values x  u , provided that the curvatures of the skew commutatorsi i
are defined by the same coefficients. This proves the following statement.
Ž .COROLLARY 3.6. If f x Ý  x x  x is a quantum Lie oper-i t t tŽ1. tŽ2. tŽm.
ation in the quantum ariables x , . . . , x then the following identity holdsi n
 z , f u    z , u , u  u , 27Ž . Ž .Ýi t tŽ1. tŽ2. tŽm.
t
u iŽ .proided that u are arbitrary grading homogenous elements such that  gi u j
 p .i j
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In order to understand more closely the sense of the ad-identity, let us
consider a number of simple examples.
 4  EXAMPLE 3.7. If G id , then the commutator x , x  x x  x x1 2 1 2 2 1
Ž . Ž .is a quantum Lie operation. In this case the ad-identity 27 turns into
the Jacobi identity in the following form:
     z , u , u  z , u , u  z , u , u . 28Ž .1 2 1 2 2 1
EXAMPLE 3.8. More generally, if p p  1 then the skew commutator12 21
 x , x  x x  p x x is a quantum Lie algebra. The ad-identity takes1 2 1 2 12 2 1
up a conditional identity
     z , u ,   z , u ,   p z ,  , u , 29Ž .u
under the condition p p  1. This condition is universally true if theu u
bicharacter p is multiplicatively skew symmetric, p p  1; in this casei j ji
Ž .29 is the Jacobi identity for colored Lie super-algebras.
xŽ .EXAMPLE 3.9. Let p   g be a t th primitive root of 1 and either11 x
n t, or n tl r where l is a characteristic of the ground field. Then x n is
Ž  .a quantum Lie operation see 11, Chap. 5 . Thus we get the conditional
restriction identity,
n   z , u  . . . z , u , u , u , . . . u , 30Ž .
provided that p  p .uu 11
 EXAMPLE 3.10. Let x , . . . , x Ý x  x be an arbitrary1 n 	 	 Ž1. 	 Žn.
multilinear quantum Lie operation. Suppose that an additional quantum
variable z has trivial parameters  z id, g  id. In this case all commu-z
   z, x i  itators z, x are quantum Lie operations with    , g  g .i  z, x  ii Therefore we may substitute values x 
 z, x into the operationi i
 x , . . . , x . Let us show that the following identity is valid:1 n
n
       z , x , . . . , x  x , . . . , x , z , x , x , . . . , x . 31Ž .Ý1 n 1 k1 k k1 n   
k1
Ž .Indeed, both the left hand side and the right hand one of 31 are quantum
Lie operations. Therefore, according to Lemmas 1.3 and 2.1, it suffices to
show that their difference has no words starting with z. The linear
 combination of all words of x , . . . , x , zx  x z, x , . . . , x starting1 k1 k k k1 n
with z equals Ý  zx x  x . By the summation on all k we	 Ž1.k 	 k 	 Ž2. 	 Žn.
  Ž .get the element z x , . . . , x defined by the left hand side of 31 .1 n
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The defined above skew commutator, evidently, does not satisfy any
Ž .skew symmetry identity. Therefore it is not out of place to examine
whether the left analog of the ad-identity occurs. At first glance the
following example left no chances for this.
EXAMPLE 3.11. Let a  1 h, a  1 g, w 1 gh, where g h1 2
 1 are group-like elements. We have w a  a  a a . Thus the left1 2 1 2
ad-identity would be
       w , z  a , z  a , z  a , a , z .1 2 1 2
The elements a , a , w are associated to the trivial character; hence the1 2
commutator here coincides with the classical one. This identity is equiva-
lent to
 z gh  1 ghz  z h  1 hz  z g  1 gzŽ . Ž . Ž .Ž . Ž . Ž .
  z h  1  z g  1 ghz.Ž . Ž .Ž . Ž .
  Since H is a free k G -module, this identity cannot be universally true.
The correct form of the left ad-identity is the following.
Ž .PROPOSITION 3.12. Consider a noncommutatie polynomial f x i
Ž .Ý  x  x , k k . Denote h  g  g . If w f a is a g-t t tŽ1. tŽk . t t tŽ1. tŽk . i
primitie element in H then in eery extension H H the following identity is
alid
1   w , z   a , . . . a , a , z . . . h g , 32Ž .Ý t tŽ1. tŽk1. tŽk . t
t
where the brackets are defined by means of an arbitrary fixed representation of
z as a polynomial in skew primitie semi-inariant generators of H .
Proof. Let us apply the antipode to
w f a   a  a . 33Ž . Ž .Ýi t tŽ1. tŽk .
Ž . 1 Ž . 1Since S w g w and S a g a , we geti i i
wg  g1 aŽ .Ý Łt tŽ s. tŽ s.
st
k1 1 1 1  gh  p a  a . 34Ž . Ž .Ý Łt t tŽ s. tŽ r . tŽk . tŽ1.ž /
srt
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The product gh1 can be written in the form a  1, where a t tŽk1. tŽk1.
1 Ž .gh  1. In this case 34 takes the formt
k1 1w 1  p a  aŽ .Ý Łt tŽ s. tŽ r . tŽk . tŽ1.ž /
srt
k1 1 1  p a a  a .Ž .Ý Łt tŽ s. tŽ r . tŽk1. tŽk . tŽ1.ž /
srt
  Ž xŽ 1 . .Taking into account that x, a   gh  1 x we may apply thetŽk1. t
original ad-identity:
k1 1 x 1   x , w  1  p  gh x , a , . . . a . 35Ž . Ž .Ž .Ý Łt tŽ s. tŽ r . t tŽk . tŽ1.ž /
srt
1 Ž .Now we would like to apply S to both sides of 35 . For this denote by
G a group of all group-like elements of H . Let us calculate first the value1
1Ž . of S u, a , where u is either an arbitrary G G -homogeneousi 1 1
polynomial in skew primitive generators of H  or a g -primitive semi-in-u
 1Ž . 1Ž .  1variant. Denote u S u g , so that S u u g . In this caseu u
u u, provided that u is skew primitive, while  u

  u, g  g , pro-u u
vided that u is a G G -homogeneous polynomial in the skew primitive1 1
generators. We have
1   1 uS u , a  S ua   g a uŽ .Ž .Ž .i i i i
1  1 u  1 1 u    1 1 a g u g   g u g a g   g a , u g g .Ž . Ž .i i u i u i i i i u i
  In particular, if we define a new polynomial u  u, a , then u 1 i 1
uŽ .   g a , u . These formulae allow one to calculate by induction bothi i
1 Ž . 1the value S of all long skew commutators in 35 and the value of S of
Ž .the left hand side of 35 :
1   x    1 1S x , w   g w , x g g ;Ž .Ž . x
k1 1  1 S . . . x , a , . . . aŽ . Ž .tŽk . tŽ1.
x 1 1   g  p  a , a ,  a , x  h g .Ž .Ł ŁtŽ s. tŽ s. tŽ r . tŽ1. tŽ2. tŽk . t x
s sr
 1Ž . Ž .A substitution of the found values with z x S x g in 35x
Ž . implies the required identity 32 for an arbitrary G G homogeneous1 1
z with a fixed homogeneous polynomial representation. By linearity this
Ž .implies 32 in the general case as well.
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ŽThe antipode technique yields an important conforming condition see
 .13, Definition 1 for a polynomial to define in H a skew primitive
element.
Ž .LEMMA 3.13. Suppose that 33 is a g-primitie element in H.
Ž . Ž .a If monomials in 33 are linearly independent then
k
w g  p . 36Ž . Ž .Ł tŽ s. tŽ s.
s1
Ž .b If additionally h  g thent
p  1. 37Ž .Ł tŽ s. tŽ r .
1srk
2Ž . 1 wŽ .Proof. Note that S w  g wg  g w. Let us apply the isomor-
2 Ž .phism S to 33 . We get
k
w tŽ s. g w   g a  a , 38Ž . Ž . Ž .Ý Łt tŽ s. tŽ1. tŽk .ž /s1
consequently
k
tŽ s. w  g   g a  a  0, 39Ž . Ž . Ž .Ý Łt tŽ s. tŽ1. tŽk .ž /s1t
which implies both of the required equalities.
4. SPECHTWEVER CRITERIA
Ž .For a polynomial f x Ý  x  x we define the operator  byi t t tŽ1. tŽm.
the formula
  f x   . . . x , x , x , . . . x . 40Ž . Ž .Ž . Ýi t tŽ1. tŽ2. tŽ3. tŽm.
t
THEOREM 4.1. Let the character Hopf algebra H be homogeneous with
Ž .respect to the degree function D x  1	 Z. If a homogeneous polynomiali
Ž . Ž Ž ..f x of degree n defines a skew primitie element in H, then  f a i i
Ž .nf a .i
Proof. Consider a linear transformation  that maps each word w in ai
of D-degree n to nw. Since H is homogeneous, this transformation is the
Ž .  correctly defined usual derivation of H over k G . This derivation
Ž . xsatisfies all conditions 20 with    id, g  id. Therefore the skewx
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   Ž .polynomial algebra H t is a character Hopf algebra with  t  t 1
1 t,  t id. The ad-identity takes up the form
t , f a   . . . t , a , a , . . . a .Ž . Ýi s sŽ1. sŽ2. sŽm.
s
Ž .The left hand side of this equality equals nf a , while the right hand side,i
  Ž Ž ..due to t, a  a , equals  f a .sŽ1. sŽ1. i
The following example show that the quantum SpechtWever condition
is not a criteria for the quantum Lie operations any more.
EXAMPLE 4.2. The quantum SpechtWever condition for a unary poly-
nomial x n has a form
n . . . x , x , x , . . . , x  nx .
xŽ .If we denote p  g , then the above equality reduces tox
1 p 1 p2  1 pn1  n. 41Ž . Ž .Ž . Ž .
Ž . 3For p 2, n 3 the equality 41 is valid, while x is not a quantum
operation, provided that a characteristic of the ground field is not equal to
Ž  .2, 7 see 11, Sect. 5 .
5. SKEW PRIMITIVE ELEMENTS IN COIDEALS
Consider an arbitrary Hopf algebra H generated by skew primitive
Ž .elements a , . . . , a :  a  a  1 g  a . In other words, we do not1 n i i i i
Ž .suppose any more that GG H is commutative nor that these elements
are semi-invariants.
Ž .LEMMA 5.1. The group G H of all group-like elements is generated by
g , . . . , g .1 n
 Proof. See Lemma 2.7 of 17 .
Let us associate to each generator a a variable z . Consider a freei i
product of the free algebra generated by z with the group algebra of thei
Ž .   ² :group GG H : GZ k G k z . On this product we define ai
Hopf algebra structure by the formulae
 z  z  1 g  z ,  g  g  g ;Ž . Ž .i i i i i i i
S z g1 z , S g  g1 ;Ž . Ž .i i i i i 42Ž .
 z  0,  g  1.Ž . Ž .i i
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Clearly the map  : z  a has a unique extension to an epimorphism ofi i
Hopf algebras  : GZH. This map defines the values in H of the
elements of GZ.
Let D p be a partially ordered Abelian additive group. Define a D p-de-
gree on the semigroup generated by g1, z in the following way. Leti i
pŽ 1. pŽ .D g  0, D z  d , where the d are arbitrary positive elements ofi i i i
p p Ž .D . The D -degree of a monomial of the constitution m , . . . , m with1 n
respect to z , . . . , z is considered to be equal m d  m d .1 n 1 1 n n
Of course, in place of D p it is possible to use a linearly ordered group
D that we have considered in the first section. Another important example
is the group D p Z n with the partial ordering
m , . . . , m  m , . . . , m m m & & m m . 43Ž . Ž . Ž .1 n 1 n 1 1 n n
pŽ . pŽ . pŽ .Clearly the formula D u D u D  is valid for monomials
Ž . Ž1. Ž2.u,  . The coproduct of a monomial has a decomposition  u Ýu  u
Ž1. Ž2. pŽ . pŽ Ž1.. pŽ Ž2..where u , u are monomials such that D u D u D u .
This means that the coproduct of GZ is D p-homogeneous.
For each 	D p we denote by H a space generated by the values in H
of all monomials that have D p-degree less than or equal to  , while by H
we denote a space generated by the values of all monomials that have
p   D -degree less than  . In particular, H  k G , while H  0.0 0
We say that a nonzero element h is D p-minimal in a set I if h	H  I
and H  I 0 for some positive 	D p.
THEOREM 5.2. Each D p-minimal element in a nonzero coideal I of H is a
linear combination of elements ga	 I, where g is a group-like element and a is
a skew primitie one.
Proof. If g h	 I for some different group-like elements g, h then
g h	H  I for all  0. Therefore all D p-minimal elements of I
  Ž 1 . 1belong to k G . Since g h g 1 g h and 1 g h is skew primi-
tive, we may suppose that all group-like elements are different by mod-
ulo I.
Let d be a D p-minimal element in I. The element d has a decomposi-
tion
m
d w  w  b , 44Ž .Ý i i
i1
where  ,  0, b	H and w, w are some monomials of D p-degree  .i  i
Among all of the D p-minimal elements in I let us choose one that does
not have the representation required in the theorem and has the decompo-
Ž . Ž .sition 44 with the smallest m. Let us show that in the decomposition 44
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of this element all w 1 im are linearly independent by moduloi
IH , provided that m 0.
Indeed, the dependence
m

 w  d  b , 
  0, d 	 I , b 	HÝ i i 1 1 i 1 1 
i1
implies
m
1 1 1
 d  w  
 
 w  
 b .Ý1 1 1 1 i i 1 1
i2
Ž .Therefore d has representation 44 with smaller m; that is, there exists1
the representation required in the theorem for d . Moreover1
m
1 1 1d 
  d  w   
 
  w  b 
  b ,Ž .Ý1 1 1 i 1 i 1 i 1 1 1
i2
which diminishes m.
Ž .The coproduct of monomials has the form  w  w h g w 
 ,
Ž .   w  w  h  g  w  
 , where 
 , 
 	H H , and g, h, g , hi i i i i i i   i i
are some group-like elements. Therefore we may write
m m
 d  d h g d	  w  h  h   g  g  wŽ . Ž . Ž .Ý Ýi i i i i i
i1 i1
45Ž .
by modulo H H. Since d belongs to I, this implies 
m m
 w  h  h   g  g  wŽ . Ž .Ý Ýi i i i i i
i1 i1
	H H  IHH I. 46Ž . 
Ž .Consider a canonical linear projections  : HH IH and  : H
Ž .HI. Applying the map   to the relation 46 , we get
m
  w   h  h  0. 47Ž . Ž . Ž .Ý i i i
i1
Ž . Ž . Ž .Since  w are linearly independent in H IH and  h  h arei  i
nonzero in HI, provided that h  h, we have that all coefficients i i
Ž .with h  h are equal to zero. Likewise applying the map   to 46 ,i
we have   0, provided that g  g. With the help of these equalities thei i
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Ž .relation 45 implies
 d  d h g d	 H H  IHH I  0,Ž . Ž .Ž . 
since IH  0. Thus h1d is a skew primitive element in contradiction
to the choice of d.
Note. In Theorem 5.2 we do not suppose that H is D p-homogeneous.
COROLLARY 5.3. Eery nonzero bi-ideal of H contains a nonzero skew
primitie element.
Proof. If the group D pD is linearly ordered then, evidently, every
nonzero linear space has D p-minimal elements. Therefore the statement
follows Theorem 5.2.
This corollary also easily follows from the HeynemanRadford theorem
 6 , with the TaftWilson characterization of the coproduct in pointed
 coalgebras 26 . In fact Corollary 5.3 is a ‘‘skew primitive’’ version of this
 general HeynemanRadford theorem, see 22, Corollary 5.4.7 .
Now let H be again a character Hopf algebra generated by the skew
² :primitive semi-invariants a , . . . , a . Denote by I the kernel of  : G X1 n
H. By Corollary 5.3 the Hopf ideal I has nonzero skew primitive
elements. Let I be an ideal generated by all skew primitive elements of I.1
Clearly I is a Hopf ideal. Now consider the Hopf ideal II in the1 1
² :quotient Hopf algebra G X I . Again by Corollary 5.3, either I  I or1 1
II has nonzero skew primitive elements. Denote by I I an ideal1 2 1
generated by all skew primitive elements of II , while by I its pre-image1 2
² : ² :with respect to the projection G X G X I . In continuation of this1
process we will find a strictly increasing, finite or infinite, chain of Hopf
ideals of the free enveloping algebra
0 I  I  I    I   . 48Ž .0 1 2 s
² :In this chain the ideal I I of G X I is generated by skews s1 s1
primitive elements, and  I  I.s
The latter equality follows from Theorem 5.2. Indeed, let us define the
Ž .D-degree of a monomial u to be equal to m  m where m , . . . , m1 n 1 n
² :is the constitution of u. It is sufficient to show by induction that G X 
I I , where s 	D Z. By Theorem 5.2 applied to the algebras
² : Ž ² : . Ž .G X I and coideal II , this inclusion implies G X I  II1s s s s
 I I , which allows one to make the inductive step.s1 s
Ž . Ž .DEFINITION 5.4. The length  H of the chain 48 is called a combina-
torial rank of the character Hopf algebra H.
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6. QUANTIFICATIONS
Let a Lie algebra  be defined by the generators x , . . . , x and1 n
² :  relations f  0. Consider an ideal I of G X generated by f , where fi i
appears from f by replacing the Lie operation with the skew commutator
Ž .4 . This ideal in general is not a Hopf ideal. Nevertheless if the set of
relations F is a union of subsets Fk F , such that the set Fj1 j 1
consists of quantum Lie operations, the set F consists of skew primitive2
² : elements of G X  F , the set F consists of skew primitive elements of1 3
²  :G X  F , F , and so on, then I certainly is a Hopf ideal. In this case1 2
² :the quotient Hopf algebra G X  F is said to be the quantum uniersal
eneloping algebra of  or simple quantification of the universal enveloping
Ž .algebra U  . The number k is referred to as a rank of the quantification.
A quantification with constants is the simple quantification where addition-
ally some generators x associated to the trivial character are replacedi
Ž .with constants  1 g .i i
In perfect analogy one may define a braided quantum uniersal enelop-
² :ing algebra or braided quantification. In this case the free algebra k X
Ž with bigraded braided Hopf algebra structure see, for example, 11, Sect.
. ² :4 must be considered instead of G X , while the relations have to be
bigraded homogeneous.
By definition, the quantum enveloping algebra of the rank k is a
character Hopf algebra of the combinatorial rank  k. In the homoge-
neous case of zero characteristic the quantum SpechtWever condition
provides an inverse statement as well.
THEOREM 6.1. Each homogeneous with respect to the degree function
Ž .D x  1	 Z character Hopf algebra H oer a field of zero characteristic isi
isomorphic to a quantum eneloping algebra of a Lie algebra.
Proof. By the arguments of the combinatorial rank definition we may
find a chain of Hopf ideals
0  I  I   ,Ž . 1 2
such that  I  I and each ideal I is generated by a set F of relationsm m m
² :that are skew primitive in a quotient algebra H G X I . Notem m1
that the coproduct in any D-homogeneous algebra is D-homogeneous,
Ž . Ž1. Ž2. Ž Ž1.. Ž Ž2.. Ž .that is,  u Ýu  u , where D u D u D u , provided that
u is a homogeneous element. This implies that all homogeneous compo-
nents of a skew primitive element are skew primitive. By induction we get
that all ideals I , as well as the algebras H , are homogeneous. Theoremm m
   Ž  .1 Ž  .4.1 applied to a relation f 	 F shows that f D f  f 	 I .m m1
Ž  .1 Ž  .Denote by f a Lie polynomial that appears from D f  f by
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replacing the skew commutator with the Lie operation. Now it is clear that
H is the quantum universal enveloping algebra of a Lie algebra defined by
 generators x and the relations f 0, where f runs through F .i m
Suppose that the Lie algebra  is defined by a system S of nil relations
ni jx adx  0, 1 i j n. 49Ž . Ž .j i
² : COROLLARY 6.2. If an ideal I of G X generated by f , where f runs
through S, is a Hopf ideal then all of f , f	 S are quantum Lie operations.
In particular eery quantum eneloping algebra of  has rank 1.
Proof. The ideal I is homogeneous with respect to each variable x .i
Formally this means that I is homogeneous with respect to the D p-degree
p n Ž .function, where D  Z is the group partially ordered by 43 . Conse-
Ž . pquently each of the relations 49 is D -minimal in I. By Theorem 5.2 and
homogeneity we are done.
ŽIt is a question of interest if there exists a character Hopf algebra or
. Žbigraded braided Hopf algebra of infinite combinatorial rank with finite
.or infinite set of skew primitive generators . The following considerations
just provide character Hopf algebras of the combinatorial rank 2.
7. ALGEBRAS OF THE RANK 2
Let the Abelian group G be freely generated by four elements g ,i
1 i 4. Choose characters  i, 1 i 4, in such a way that the ele-
iŽ .ments p   g satisfy the conditionsi j j
p p  p p  1, p p  1, p p  1;13 31 24 42 12 21 14 41 50Ž .p p p p  p p p p  1.14 41 34 43 23 32 12 21
Ž i.Consider quantum variables x with parameters g ,  , 1 i 4.i i
Ž .The relations 50 show that
 4  4  4  4x , x , x , x , x , x , x , x , x , x 51Ž .1 3 2 4 1 2 3 1 3 4
Ž  .are conforming sets see 13, Definition 1 . Therefore the following
polynomials are quantum Lie operations:
     x , x , x , x , x , x , x , x . 52Ž .2 4 1 3 4 1 3 2
² :Denote by I an ideal of G X generated by these polynomials, while by I1
Ž .an ideal generated by 52 with the element u,
   u x , x , x , x  
 x , x , x , x , 53Ž .1 2 3 4 1 4 3 2
Ž .1Ž .where 
 1 p p 1 p p p p p p p .14 41 12 21 14 23 24 34 41
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² :PROPOSITION 7.1. The combinatorial rank of the algebra G X I equals
2.
² :Proof. Let us show first that u is skew primitive in G X I . This1
statement is equivalent to the relation
o o    a , a , a , a  
 a , a , a , a  0, 54Ž .Ž . Ž .1 2 3 4 1 4 3 2
where a  x  I are the generators of the character Hopf algebrai i 1
² :G X I . These generators satisfy the relations1
   a a  p a a , a , a , a  0, a , a , a  0. 55Ž .2 4 24 4 2 1 3 4 1 3 2
Ž .In particular, the formula 10 takes up the form
o   a , a , a , aŽ .1 2 3 4
  1 p p g a , a , a  aŽ .12 21 1 2 3 4 1
    1 p p g g a , a  a , aŽ .23 32 1 2 3 4 1 2
    1 p p p g g a , a  a , aŽ .12 21 23 1 3 2 4 1 3
    1 p p p p g g a , a  a , aŽ .12 21 24 34 4 1 2 3 1 4
  1 p p p g g g a  a , a , a . 56Ž . Ž .23 32 34 1 2 4 3 1 2 4
Ž .By means of the indices permutation 2, 4 one may write the second term
Ž . Ž .of 54 as well. Let us consider in turn all tensors of 54 .
 a . We have1
 g a , a , a  g a a a  p p a g a a1 2 3 4 1 2 3 4 13 23 3 1 2 4
 p p p a g a a  p p  p p p a a g a .14 24 34 4 1 2 3 13 23 14 24 34 4 3 1 2
With the help of the relations p p  1, a a  p a a , a g  p g a13 31 2 4 24 4 2 4 1 41 1 4
we may continue
 g a a a  p p a a a  p p p p a a aŽ1 2 3 4 23 24 3 4 2 41 14 24 34 4 2 3
p p p p p a a a ..23 24 34 14 41 4 3 2
Ž .If we replace all indices by the permutation 2, 4 and then again use
a a  p a a , we get2 4 24 4 2
 g a , a , a  g a a a  p p a p a aŽ .1 4 3 2 1 4 3 2 43 42 3 24 4 2
 p p p p  p a a a12 21 42 32 24 4 2 3
 p p p p p a a a .43 42 32 12 21 2 3 4
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Ž .Therefore the left hand side of the tensor  a in 54 equals zero,1
provided that the following four equalities are valid:
1 p p  
 1 p p p p p p p ,Ž .12 21 14 41 43 12 42 32 21
1 p p p p  
 1 p p p p p p p ,Ž . Ž .12 21 23 24 14 41 12 42 32 21 24
1 p p p p p p  
 1 p p p p p p p ,Ž . Ž .12 21 14 41 24 34 14 41 12 42 32 21 24
1 p p p p p p p  
 1 p p .Ž . Ž .12 21 23 14 24 34 41 14 41
It is easy to see that all of these equalities are consequences of the
Ž .relations 50 and the definition of 
.
  a , a . The left hand side of this tensor equals1 2
    1 p p g g a , a  
 1 p p p p g g a , a .Ž . Ž .23 32 1 2 3 4 14 41 42 32 2 1 4 3
The coefficients at g g a a and g g a a are respectively1 2 3 4 1 2 4 3
1 p p  
 1 p p p p  p p  p ,Ž . Ž .23 32 14 41 42 32 13 43 31
 1 p p p p p  p p  
 1 p p p p .Ž . Ž .23 32 14 24 34 41 42 14 41 42 32
Substitution of 
 shows that both of these coefficients equal zero, pro-
Ž .vided that the conditions 50 are valid.
  a , a . Analogously we find the left hand side of this tensor,1 3
    1 p p p g g a , a  
 1 p p p g g a , a .Ž . Ž .12 21 23 1 3 2 4 14 41 43 1 3 4 2
Since a a  p a a , this sum reduces to2 4 24 4 2
1 p p p  p  p p p  p p g g a aŽ . Ž .12 21 23 24 14 34 24 41 34 1 3 4 2

 1 p p p 1 p p p  p p g g a a .Ž . Ž .14 41 43 12 32 42 21 23 1 3 4 2
Ž .Relations 50 and the definition of 
 imply that this sum equals zero also.
  a , a . In this case the left hand side equals1 4
    1 p p p p g g a , a  
 1 p p g g a , a .Ž . Ž .12 21 24 34 4 1 2 3 43 34 1 4 3 2
In this sum, coefficients at g g a a and g g a a equal respectively1 4 2 3 1 4 3 2
1 p p p p  
 1 p p p p p  p p ,Ž . Ž .12 21 24 34 43 34 12 42 32 21 41
and
 1 p p p p  p p  p  
 1 p p .Ž . Ž .12 21 24 34 13 23 31 43 34
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Ž .Again the relations 50 show that for the chosen value of 
 these
elements are zero.
      a , a , a   a , a , a . Since a a  p a a is a skew1 2 4 1 4 2 2 4 24 4 2
   primitive element, we may apply the ad-identity: a , a , a  p a ,1 2 4 24 1
 a , a . Due to this, the sum under consideration converts into one tensor4 2
with the following left hand side
p 1 p p p g g g a  
 1 p p p g g g a  0.Ž . Ž .24 23 32 34 1 2 4 3 43 34 32 1 4 2 3
Ž .Thus, the difference 54 equals zero and u is a skew primitive element
² : ² :in G X I . Consequently G X I is a character Hopf algebra of the1
combinatorial rank  2.
If its combinatorial rank equals 1, then I is generated by quantum Lie
operations. In this case, due to homogeneity, the element u is a sum of
quadrilinear quantum operations within an addend from I . In the present1
context all quadrilinear quantum operations are described by 11, Theorem
 Ž Ž ..8.4 in the case 4 within a permutation of indices 3, 4 . Namely, they are
linear combinations of the polynomials
   x , x , x , x , x , x , x , x .1 3 4 2 1 3 2 4
Both of them belong to I . Thus it remains to show that u I . For this1 1
consider an algebra R defined by the relations
x x  p x x , x x  p x x . 57Ž .1 3 13 3 1 2 4 24 4 2
Ž  .This system of relations is closed under the compositions see 1 just
because there do not exist compositions at all. The leading word of the
Ž .polynomial 53 equals x x x x . This word has neither sub-word x x1 2 3 4 1 3
nor x x . According to the Diamond Lemma, u 0 in R. Since the2 4
Ž . Ž . ² :relations 55 follow 57 , the element u is nonzero in G X I as well.1
By means of particular choice of parameters and additional possible
relations one may find a number of other examples of rank 2 character
Ž . Ž .Hopf algebras. For example, instead of relations 55 one may use 57
with the same element u. The simplest example appears if we put x  x ,1 3
x  x with p  p  p 1, p  11. In this case 
1,2 4 11 22 21 12
while the character Hopf algebra
² 2 2 :G x , x  x , x , x x x x  x x x x1 2 1 2 1 2 1 2 2 1 2 1
is still of the rank 2.
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